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Abstract. Recently, Okounkov [16], Lazarsfeld and Mustata [13], and Kaveh and Kho- 
vanskii [TO] have shown that the growth of a graded linear series on a projective variety 
over an algebraically closed field is asymptotic to a polynomial. We give a complete de- 
scription of the possible asymptotic growth of graded linear series on projective schemes 
over a perfect field. If the scheme is reduced, then the growth is polynomial like, but the 
growth can be very complex on nonreduced schemes. 

We also give an example of a graded family of m-primary ideals {In} in a nonreduced 
d-dimensional local ring R, such that the length of R/I„ divided by n d does not have a 
limit, even when restricted to any arithmetic sequence. 



1. Introduction 

In this paper we investigate the asymptotic growth of a graded linear series on an 
arbitrary projective scheme over a perfect field. Recent results of Okounkov [16], Lazarsfeld 
and Mustata [13] , and Kaveh and Khovanskii |10] show the remarkable fact that on a 
projective variety over an algebraically closed field k, the dimension dim^ L n of a graded 
linear series L is asymptotic for large n to the value of a polynomial; that is, 

dimfcL mn 
Iim 

n— >oo nl 

exists, where m is the index of L and q > is the Kodiara-Iitaka dimension of L. We recall 
this result in Theorem 13.11 below, which is the general statement of Kaveh and Khovanskii 
|10j . The limit can be irrational, even when L is the section ring of a big line bundle, as 
is shown by Srinivas and the author in Example 4 of Section 7 [3]. 

It is natural to consider the question of the existence of such limits when we loosen 
these conditions. We give a complete description of how much of Theorem 13.11 extends 
and how much does not extend to arbitrary projective schemes over a perfect field. In 
Theorem 14.41 we show that the exact statement of Theorem 13.11 holds for graded linear 
series on a projective variety over a perfect field. In Theorem 15 .21 we show that the theorem 
generalizes very well to graded linear series on a reduced projective variety over a perfect 
field, although the statement requires a slight modification. The conclusion is that there 
is a positive integer r such that for any integer a, the limit 

dim fe L n 
lim 

exists whenever n is constrained to line in the arithmetic sequence a + br. Here q is the 
Kodaira-Iitaka dimension of L. A nontrivial example on a connected, reduced, equidimen- 
sional but not irreducible projective scheme is given in Example 15.51 
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This is however the extent to which Theorem 13,11 generalizes. We give a series of 
examples of graded linear series on non reduced projective schemes where such limits do 
not exist. 

The most significant example is Example EH which is of a "big" graded linear system L 
with maximal Kodaira-Iitaka dimension d on a nonreduced but irreducible d-dimensional 
projective scheme such that the limit 

dim*, L n 



lim 



71— >oo 77, ^ 

does not exist, even when n is constrained to lie in any arithmetic sequence. 

We give a related example, Example 17.11 showing the failure of limits of lengths of 
quotients of a graded family of m^-primary ideals {I n } in the <i-dimensional local ring 
R = k[[x±, . . . , Xd, y]]/y 2 - In the example, the limit 

(1) lim «W 

does not exist, even when n is constrained to lie in any arithmetic sequence. 

Such limits for graded families of ideals in local rings are shown to exist in many cases 
by work of Ein, Lazarsfeld and Smith [6], Mustata [15], Lazarsfeld and Mustata [13] and 
of the author [3J. In Theorem 5.9 of [3j, we show that the limit ([1]) always exists when 
{/„,} is a graded family of m^-primary ideals in a (i-dimensional analytically unramified 
equicharacteristic local ring with perfect residue field, and give a number of applications 
of this result. It follows from Example 1 7 . 1 1 that the assumption of analytically unramified 
cannot be removed from Theorem 5.9 [3]. 

A fundamental property of the Kodaira-Iitaka dimension q(L) for a graded linear series 
L on a reduced projective scheme with q(L) > is that there exists a constant (3 such 
that there is an upper bound 

dim fc L n < (3n q ^ 

for all n. This is a classical result for complete linear systems on varieties, and is part 
of the foundations of the Kodaira-Iitaka dimension (Theorem 10.2 [9]). A proof of this 
inequality for graded linear series on reduced projective varieties over perfect fields is given 
in this paper in Corollary 15.31 However, this equality may fail on non reduced projective 
schemes. We always have an upper bound 

dim fc L n < 7?i d 

where d is the dimension of the scheme but it is possible on a d-dimensional nonreduced 
projective scheme to have q(L) = — oo and have growth of order n d . We give a simple 
example where this happens in Example 16.41 In fact, it is quite easy to construct badly 
behaved examples with q(L) = — oo, since in this case the condition that L m L n C L m+n 
required for a graded linear series may be vacuous. 

We give in Example l6.6l an example of a section ring of a line bundle J\f on a non reduced 
but irreducible d-dimensional projective scheme Z with growth of order n d ~ l such that 
for any positive integer r, there exists an integer a such that the limit 

,. dim/, T{Z,M n ) 
am j— 

does not exist when n is constrained to lie in the arithmetic sequence a + br. 

Even on nonreduced projective schemes, we do have the classical property of Kodaira- 
Iitaka dimension that if q(L) > 0, then there is a positive constant a and a positive integer 
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m such that 

an g(L) < dim fe L mn 

for all integers n ([5]). 

The volume of a line bundle C on a d-dimensional variety X is the limsup 

(2) Vol(£) = limsup k0{ f,p . 

rwoo n a /d\ 

There has been spectacular progress of our understanding of the volume as a function on 
the big cone in N 1 ^) on a projective variety X over an algebraically closed field (where 
([2]) is actually a limit). Much of the theory is explained in [12], where extensive references 
are given. Volume is continuous on iV^X) but is not twice differentiable on all of N 1 ^) 
(as shown in an example of Ein Lazarsfeld, Mustata, Nakamaye and Popa, [5]). Bouksom, 
Favre and Jonsson [I] have shown that the volume is C 1 -differentiable on the big cone of 
iV^X). Interpretation of the directional derivative in terms of intersection products and 
many interesting applications are given in [I], [5] and |13| . 

The starting point of the theory of volume on nonreduced schemes is to determine if the 
limsup defined in ([2]) exists as a limit. We see from Examples 16.31 and 16.41 that the limit 
does not always exist for graded linear series L. However, neither of these examples are 
section rings of a line bundle. The examples are on the nonreduced scheme X which is a 
double linear hyperplane in a projective space P d+1 . All line bundles on X are restrictions 
of line bundles on P d+1 , so that if £ is a line bundle on X, then h°(X,C n ) is actually a 
polynomial in n, and Vol(£) not only exists as a limit, it is even a rational number. 

We essentially use the notation of Hartshorne [Sj. For instance, a variety is required to 
be integral. We will denote the maximal ideal of a local ring R by itir. If v is a valuation 
of a field K, then we will write V v for the valuation ring of v, and m u for the maximal 
ideal of V v . We will write r„ for the value group of v. If A and B are local rings, we will 
say that B dominates A if A C B and tub H A = tjia- 

2. Graded linear series and the Kodaira-Iitaka dimension 

Suppose that X is a <i-dimensional projective scheme over a field k, and C is a line 
bundle on X. Then under the natural inclusion of rings k C T(X, Ox), we have that the 
section ring 

0r(x,r) 

n>0 

is a graded A;-algebra. A graded A;-subalgebra L = © n>0 L n of a section ring of a line 
bundle C on X is called a graded linear series for C. 

We define the Kodaira-Iitaka dimension q = q(L) of a graded linear series L as follows. 
Let 

there exists yi, . . . , y m € L which are homogeneous of positive 



cr(L) max | m i c! e g ree anc | are algebraically independent over k 
q(L) is then defined as 

' a{L) - 1 if a(L) > 



?(L) " 1 -oo if<7(L) = 

This definition is in agreement with the classical definition for line bundles on projective 
varieties (Definition in Section 10.1 [9]). We give a summary of a few formulas which hold 
for the Kodaira-Iitaka dimension on general projective schemes. We defer proofs of these 
formulas to the appendix at the end of this paper. 
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Lemma 2.1. Suppose that L is a graded linear series on a d- dimensional projective scheme 
X over a field k. Then 

1. 

(3) q(L) < d = dimX 

2. There exists a positive constant 7 such that 

(4) dim fc L n < jn d 
for all n. 

3. Suppose that q{L) > 0. Then there exists a positive constant a and a positive 
integer e such that 

(5) dim fc L en > an q ^ 

for all positive integers n. 

4. Suppose that X is reduced and L is a graded linear series on X. Then q{L) = —00 
if and only if L n = for all n > 0. 

3. Some remarkable limits 

Suppose that L is a graded linear series on a projective variety X. The index m = m(L) 
of L is defined as the index of groups 

m = [Z : G] 

where G is the subgroup of Z generated by {n | L n 7^ 0}. 

Theorem 3.1. (Okounkov [16], Lazarsfeld and Mustata |13j . Kaveh and Khovanskii [10JJ 
Suppose that X is a projective variety over an algebraically closed field k, and L is a 
graded linear series on X. Let m = m(L) be the index of L and q = q{L) > be the 
Kodaira-Iitaka dimension of L. Then 

nm 

n— >oo nl 

exists. 

In particular, from the definition of the index, we have that the limit 

dim fc L n 
lim 

n— >oo rfi 

exists, whenever n is constrained to lie in an arithmetic sequence a + bm {m = m{L) and 
a an arbitrary but fixed constant). 

It follows that dim/; L n = if m jfn, and if q(L) > 0, then there exist positive constants 
a < (3 such that 

(6) an q < dinifc L nm < (3n q 

for all sufficiently large positive integers n 

The proof of the theorem is by an ingenious method, reducing the problem to computing 
the volume of a section (the Newton-Okounkov body) of an appropriate cone. 

Corollary 3.2. (Okounkov [16], Lazarsfeld and Mustata [13] ) Suppose that X is a projec- 
tive variety of dimension d over an algebraically closed field k, and C is a big line bundle 
on X (the Kodaira-Iitaka dimension of the section ring of C is d). Then the limit 

Um dim fc r(X,£") 

n— >oo n d 



exists. 



This corollary was earlier proven using Fujita approximation, [7J, Example 11.4.7 [12] . 

An example of a big line bundle where the limit in Theorem 13.11 and Corollary 13.21 is an 
irrational number is given in Example 4 of Section 7 [4] . 

4. Limits on varieties over non closed fields 

The proof of Koveh and Khovanskii of Theorem 13.11 actually shows the following. 

Theorem 4.1. (Koveh and Khovanskii) Suppose that X is a d- dimensional projective 
variety over an arbitrary field k and there exists a valuation v of the function field k{X) 
of X which vanishes on nonzero elements of k, has a value group which is isomorphic 
as a group to Z d , and the residue field ofV v /m u is k. Then the conclusions of Theorem 
\3.1\ are valid for any graded linear series L on X with q(L) > 0. 

These conditions on the valuation are stated before Definition 2.26 [10]. The condition 
that v has "one dimensional leaves" is defined before Proposition 2.6 [10J. It is equivalent 
to the condition that the residue field of the valuation is k. 

Proof. Suppose that such a valuation v exists. Let V v be the valuation ring of v in the 
function field k(X). Let Q be the center of v on X; that is, Ox,q is the local ring of X 
which is dominated by V u . Q exists and is unique since a projective variety is proper. Q 
is a ^-rational point on X since the residue field of V u is k. 

L is a graded linear series for some line bundle C on X. Let m = m{L) and q = q(L). 
Since X is integral, C is isomorphic to an invertible sheaf Ox(D) for some Cartier divisor 
D on X. We can assume that Q is not contained in the support of D, after possibly 
replacing D with a Cartier divisor linearly equivalent to D. We have an induced graded 
fc-algebra isomorphism of section rings 

0r(i,r)^0r(i,o J (nD)) 

n>0 n>0 

which takes L to a graded linear series for Ox{D). Thus we may assume that C = Ox(D). 
For all re, the restriction map followed by inclusion into V u , 

(7) T{X,C n )^ C q = O x ,qCV u 

is a 1-1 fc-vector space homomorphism since X is integral, and we have an induced k- 
algebra homomorphism 

L -> O x ,q C Vy. 

Given a nonnegative element 7 in the value group T v of u, which is isomorphic to Z d 
as a group, with some total ordering, we have associated valuation ideals J 7 and Zrf" in V v 
defined by 

/ 7 = {/ e V v I !/(/) > 7} 

and 

1+ = {f€V v \ !/(/) > 7 }- 
Since V u /m u = k, we have the critical condition that 

(8) dim fc / 7 //+ = 1 
for all non negative 7 G L. Let 

Sn = {7 £ I there exists / £ L n such that v(f) = 7}. 
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By (HI) and ([7]), we that 

T T f 1 if there exists f £ L n with i/(f) =7 

dM fc L n nVL„n/| = | Q otherw . se 

Since every element of L n has non negative value (as L n C V u ), we have that 
(9) dim k L n = \S n \ 

for all n. Let 

5(L) = {( 7 ,n)| 7 e,S n }, 

a subsemigroup of Z d+1 . By Theorem 2.30 [ID], S(L) is a "strongly nonnegative semi- 
group", so by Theorem 1.26 [TDJ and Q, we have that 

hm = Inn 



exists, where m = m(L), and is proportional to the volume of the Newton-Okounkov body 
A(S(L)) = 7r~ 1 (m)nCon(S'(L)), where Gon(5(L)) is the closure of the cone generated by 
S(L) in M. d+1 and 7r : — ^ M. is the projection onto the last factor. 

□ 

The condition that there exists a valuation as in the assumptions of Theorem 14.11 is 
always satisfied if k is algebraically closed. It is however a rather special condition over 
non closed fields, as is shown by the following proposition. 

Proposition 4.2. Suppose that X is a d- dimensional projective variety over a field k. 
Then there exists a valuation v of the function field k(X) of X such that the value group 
T v of v is isomorphic to 7h d and the residue field V u /m v = k if and only if there exists a 
birational morphism X' — » X of projective varieties such that there exists a nonsingular 
(regular) k-rational point Q' € X' . 

Proof. First suppose there exists a valuation v of the function field k(X) of X such that 
the value group F u of v is isomorphic to Z d as a group and with residue field V u /m u = k. 
Then v is an "Abhyankar valuation"; that is 

trdeg fc /c(X) = d = + d = trdeg k V u / m u + rational rank T u , 

with k = V u /m u , so there exists a local uniformization of v by [IT]. Let Q be the center 
of v on X, so that V v dominates Ox,q- @x,q is a localization of a A:-algebra k[Z] where 
Z C V u is a finite set. By Theorem 1.1 |11| . there exists a regular local ring R which is 
essentially of finite type over k with quotient field k(X) such that V v dominates R and 
Z C R. Since k[Z] C R and V u dominates Ox,Q, we have that R dominates Ox,q- The 
residue field R/thr = k since V v dominates R. There exists a projective /c-variety X" 
such that R is the local ring of a closed A:-rational point Q' on X" , and the birational map 
X" -~» X is a morphism in a neighborhood of Q'. Let X' be the graph of the birational 
correspondence between X" and X. Since X" -~> X is a morphism in a neighborhood of 
Q', the projection of X' onto X" is an isomorphism in a neighborhood of Q'. We can thus 
identify Q' with a nonsingular /c-rational point of X'. 

Now suppose that there exists a birational morphism X' — > X of projective varieties 
such that there exists a nonsingular fe-rational point Q' E X'. 

Choose a regular system of parameters y\, . . . , yd in R = Ox',Q'- R/mR = k(Q') = k, 
so k is a coefficient field of R. We have that R = k[[yi, . . . ,yd]]- We define a valuation v 
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dominating R by stipulating that 

(10) ufa) = a for 1 < i < d 

where {e{\ is the standard basis of the totally ordered group (Z d )i ex , and v(c) = if c is 
a nonzero element of k. 

If / G R and f = Yj Ch,...,i d yi •"Vd witn c ii,-,i d € k, then 

i>(/) = minHyi 1 ---^ d ) I^.^^O}. 
We let v be the valuation of the function field k(X) which is obtained by restricting v. 
The value group of v is (Z d )\ ex . 

Suppose that h is in k(X) and v{h) = 0. Write h = £ where f,g G i? and z/(/) = z^(p). 
Thus in we have expansions / = ay 1 ^ ■ ■ ■ y l £ + /' ', g = j3y l l ■ ■ ■ y£ + g' where a, f3 are 

nonzero elements of k, v(y l i •••yd 1 ) = u (f) = u (o) an d K/0 > K/)> ^(^O > ^(s)- Let 
7 = % in k. Computing / — 75 in i?, we obtain that v(f — f yg) > v{f), and thus the residue 

of ^ in V v /m v is equal to the residue of 7, which is in k. By our construction C V v . 
Thus the residue field V u /m v = k. □ 

Corollary 4.3. Suppose that X is a projective variety over a field k which has a nonsin- 
gular k-rational point. Then the conclusions of Theorem \3.1\ hold for any graded linear 
series L on X. 

Proof. This is immediate from Theorem 14.11 and Proposition 14.21 □ 

We obtain the following extension of Theorem 13.11 

Theorem 4.4. Suppose that X is a projective variety over a perfect field k. 

Let L be a graded linear series on X . Let m = m(L) be the index of L and q = q(L) > 
be the Kodaira-Iitaka dimension of L. Then 

dimfcL nm 
iim 

n— >oo nl 

exists. 

Proof. Let Q be a closed regular point in X. Let R = Ox,q- Let k' be a Galois closure 
of the residue field k(Q) of R over k. k' is finite separable over k, so that X' = X X/% k' 
is reduced as Ox ®k k' is a subsheaf of rings of k(X) ®^ k', which is reduced by Theorem 
39, Section 15, Chapter III [IS]. 

Let S = R<S>k k'. Then S is a reduced semi local ring by Theorem 39 [18]. Let pi, . . . ,p r 
be the maximal ideals of S. S/turS = (R/mR)®kk' is reduced by Theorem 39, [18]. Thus 
mjiS = pif> ■ -r\p r . Since R is a regular local ring, tur is generated by d = dimi? elements. 
For 1 < i < r, we thus have that PiS Pi = mRS Pi is generated by d = dimi? = dimS 1 ^ 
elements. Thus S Pi is a regular local ring for all i, so S is a regular ring. 

k' = k[a] for some a G k' since k' is a finite separable extension of k. Let f(x) G k[x] 
be the minimal polynomial of a. k' is a separable normal extension of k containing a, so 
f{x) splits into distinct linear factors in k'[x]. Then 

r 

S/ Pi S/rn^S fc' ® fc A/ ^ (A:') r . 

8=1 

Thus 5*/pi = fc' for all i Let be the corresponding closed point to pi in X' , which has 
the local ring X ' o', = S Pi , so that is a regular, /c'-rational point on the variety X' for 
all i. 



Let Xi, . . . ,X S be the distinct irreducible components of X'. Since X' is reduced, we 
have a natural inclusion 



-> X '^ Xi 



i=l 



which induces inclusions 

s 

(ii) r(x',£ n ® 0x o x ,) -^0r(x„r ® 0x o Xi ) 

for all n. 

The elements of the Galois group G of k' over induce X- automorphisms of X' which 
act transitively on the components Xj. G acts naturally on C n t£>o x @X'- Thus for a EG, 
we have a commutative diagram 

L n ® k k' c r(X',£ n ® 0x O X /) -»• T{X u C n ® 0x O Xl ) 

I id 4 <7 4 <t 

L n ® fc fc' c r(x\£ n ® 0x O x ,) -»• T(a(X 1 ),C n ®o x O aiXl) ). 

Suppose that h £ £ n k' maps to zero in T(Xi, C n ®o x ®Xi)- Since G acts transitively 
on the components of X' , /i maps to zero in T(Xi, C n ®o x Xi ) for all i. Prom the inclusion 
(fTTl). we conclude that /i = 0. Thus we have inclusions 



L n fe k'^T{X,C n ®o x O Xl ) 

for all n. 

Let L' = © n>0 L n (g>fc A;'. L' is a graded linear series for the line bundle C ®o x £ > x 1 on 
the variety X\. We have that m(L') = m(L) and q(L') = q(L). 

Since Qi € X\ for some i, we have that X\ contains a non singular /c'-rational point. 
By Corollary 14. 3| the limit 

Um d im fc' L 'nm 

n— ¥oo n,1 

thus exists. 

Now the theorem follows from the formula 

dim fc L n = dim fc / L n <g) k k' . 

□ 

It follows from the theorem that ([6]) holds for a graded linear series on a projective 
variety over a perfect field k. 

We obtain that Corollary 13.21 holds on reduced projective schemes over perfect fields. 

Corollary 4.5. Suppose that X is a reduced projective scheme of dimension d over a 
perfect field k, and C is a line bundle on X. Then the limit 

dim fe r(X,£") 



lira , 



exists. 



Proof. We first prove the corollary in the case when X is integral (a variety). We may 
assume that the section ring L of C has maximal Kodaira-Iitaka dimension d, because the 
limit is zero otherwise. There then exists a positive constant a and a positive integer e 
such that 

dim fc r(X,£ ne ) > an d 



for all positive integers n by ©. Let H be a hyperplane section of X, giving a short exact 
sequence 

-»■ O x (-H) -> O x -> Ofl- -»■ 0. 
Tensoring with £ n and taking global sections, we see that r(X, C ne <8> Ox{—H)) ^ for 
n > as q(C e <g> Oh) < dim(iT) = d — 1. Since H is ample, there exists a positive integer 
/ such that C <S> Ox(fH) is generated by global sections. Thus 

T(X, C nef+l ) T(X, {C nef ® Ox(-fH)) ® (C ® Ox(fH))) / 

for n>0. Thus m(L) = 1. The corollary in the case when X is a variety thus follows 
from Theorem 14.41 

Now assume that X is only reduced. Let X\, . . . ,X S be the irreducible components of 
X. Since X is reduced, we have a natural short exact sequence of Ox-modules 

-> Ox -> Ox, -> J" -> 

n>0 

where J 7 has support of dimension < d — 1. Tensoring with C n , we obtain that 

dim* T(X, C n ) _ ^ ,. dim fe T(X h C n ® O x% ) 



lim 



- } lim 

fl a — ' ?i— >oo 77, 
1=1 



exists, as dim^ J 7 ® £ n ) grows at most like n . □ 

5. Limits on Reduced Schemes 

Suppose that X is a projective scheme over a field k and L is a graded linear series for 
a linebundle C on X. Suppose that Y is a closed subscheme of X. Set £|Y = C ®o x ®y- 
Taking global sections of the natural surjections 

for n > 1 we have induced short exact sequences of fe-vector spaces 
(12) -»• K(L, Y) n -> L n -»• (L|Y) n -> 0, 

where 

(L\Y) n :=ip n (L n )cr(Y,(£\Y) n ) 
and K{L,Y) n is the kernel of ip n \L n . Defining K(L,U)o = k and (L\Y) + = ipo(Lo), 
we have that L\Y = (B n >o(L\Y) n is a graded linear series for C\Y and K(L,Y) = 
® n>0 K(L, Y) n is a graded linear series for C. 

Lemma 5.1. Suppose that X is a reduced projective scheme and X\, . . . ,X S are the irre- 
ducible components of X. Suppose that L is a graded linear series on X. Then 

q{L) = max{q{L\Xi) | 1 < * < s}. 

Proof. L is a graded linear series for a line bundle C on X. Let X\, . . . ,X S be the irre- 
ducible components of X. Since X is reduced, we have a natural inclusion 

s 

1=1 

There is a natural inclusion of /c-algebras 



n>0 i=l \n>0 



which induces an inclusion of A;- algebras 

s 

(13) L^0L|X 4 . 

i=l 

Suppose that i is such that 1 < i < s. Set t = q(L\Xi). Then by the definition of Kodaira- 
Iitaka dimension, there exists a graded inclusion of /c-algebras ip : k[zi, . . . , zt] L\Xi 
where k[z\, . . . , zt] is a graded polynomial ring. Since the projection L — > L\Xi is a 
surjection, we have a lift of (p to a graded £>algebra homomorphism into L, which is 1-1, 
so that q(L) > t. Thus 

q(L) > max{q(L\Xi) | 1 < % < s}. 

Let q = q(L). Then there exists a 1-1 fc-algebra homomorphism ip : k[z±, . . . , z q ] — > L 
where k[z\, . . . , z q ] is a positively graded polynomial ring. Let tpi : k[zi, ...,Zq]—¥ L\Xi be 
the induced homomorphisms, for 1 < i < s. Let pi be the kernel of ipi. Since (|13p is 1-1, 
we have that pi PI • • • n p s = (0). Since k[z±, . . . , z g ] is a domain, this implies that some 
pi = (0). Thus ifi is 1-1 and we have that q(L\Xi) > q(L). 

□ 

Theorem 5.2. Suppose that X is a reduced projective scheme over a perfect field k. Let 
L be a graded linear series on X. Let q = q(L) > be the Kodaira-Iitaka dimension of L. 
Then there exists a positive integer r such that 

dinifc L a+nr 
iim 

n— ►oo rfi 

exists for any fixed a € N. 
The theorem says that 

dim fc L n 
lim 

exists if n is constrained to lie in an arithmetic sequence a + br with r as above, and for 
some fixed a. The conclusions of the theorem are a little weaker than the conclusions 
of Theorem 14.41 for integral varieties. In particular, the index m{L) has no relevance on 
reduced but not irreducible varieties. 

Proof. Let X\, . . . , X s be the irreducible components of X. Define graded linear series M % 
on X by M° = L, M i = K{M { - X ,Xi) for 1 < i < s. By {I2J), for n > 1, we have exact 
sequence of k- vector spaces 

^ (Mi +1 ) n = K(M\X j+1 ) n ^Ml^ (M^\X j+1 ) n -> 

for 1 < j < s — 1, and 

s 

Ml = Kernel(L„, -> 0(L|X i ) n ) 
i=i 

for < j < s. As in (|13p in the proof of Lemma 15.11 L — > ®* =1 is an injection of 
A;-algebras since X is reduced. Thus = (0), and 

s 

(14) dim fc L n = ^dim fc (M i - 1 |X,)„ 

i=l 

for all n. Let r = LCM{m(L|Xj) | g(L|Xj) = q(L)}. The theorem now follows from 
Theorem 14.41 applied to each of the Xi with q(M % ~ l \Xi) = q(L) (we can start with X\ 
with q(L\X\) = Q{L)). □ 
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Corollary 5.3. Suppose that X is a reduced projective scheme over a perfect field k. Let 
L be a graded linear series on X with q{L) > 0. Then there exists a positive constant (3 
such that 

(15) dim fe L n < (3n q( - L) 

for all n. Further, there exists a positive constant a and a positive integer m such that 

(16) an g(L) < dim fc L mn 
for all positive integers n. 

Proof. Equation (fT5j) follows from (fl4"j) . since dim fc (M i - 1 |X i ) < dim fc (L|Xi) for all i, and 
since © holds on a variety. Equation (|16|) is immediate from . □ 

The following lemma is required for the construction of the next example. It follows 
from Theorem V.2.17 [8] when r = 1. The lemma uses the notation of [8]. 

Lemma 5.4. Let k be an algebraically closed field, and write P 1 = Pi. Suppose that r > 0. 
Let X = P(Opi(— 1) Cpi) with natural projection ir : X — > P 1 . Then the complete linear 
system \T(X, O x (l) <8> vr*Opi(l))| is base point free, and the only curve contracted by the 
induced morphism of X is the curve C which is the section of tt defined by the projection 
of 0{— l)pi Opx onto the first factor. 

Proof. We prove this by induction on r. 

First suppose that r = 0. Then tt is an isomorphism, and X = C. 

x (i)®7T*0pi(i) ^7T*e>x(i)®0 P i(i) = e> P i(-i)®e>pi(i) = o F i, 

from which the statement of the lemma follows. 

Now suppose that r > and the statement of the lemma is true for r — 1. Let Vq be 
the P 1 -subbundle of X corresponding to projection onto the first r — 1 factors, 

(17) -> O pl -> Opi(-l) C%i -> Opi(-l) O^ 1 ->• 0. 
Apply 7T* to the exact sequence 

-> O x (l) Ox(-Vo) -> Ox(l) -> Ovb(l) -> 

to obtain the exact sequence (fT7|) . from which we see that OxiVo) = and Vb = 

P(C P i(-l) OpT 1 ) with Ox(V ) ® O vo ^ Ovb(l). Let F be the fiber over a point in P 1 
by n. We have that O x (l) ® vr*Opi ^ Ox(^b + i 7 )- Apply tt* to 

-> O x (F) Ox(^o + F) -> O x (y + F) ® Ovb 

to get 

->■ Opi (1) -»■ Opi Opi (l) r -)■ 7r,(C»v& (1) ® 7T*£V (i)) -»■ o. 
Now take global sections to obtain that the restriction map 

r(x, Ox(v + f)) r(y , cv (i) ® vr*o P i (i)) 

is a surjection. In particular, by the induction statement, Vq contains no base points of 
A = |r(A", Ox{Vo + F))\. Since any two fibers F over points of P 1 are linearly equivalent, 
A is base point free. 

Suppose that 7 is a curve of X which is not contained in Vq. If ir[^f) = P 1 then (~f-F) > 
and (7 • Vb) > so that 7 is not contracted by A. If 7 is in a fiber of F then (7 • F) = 0. 
Let F = P r be the fiber of ir containing 7. Let h = F ■ Vb, a hyperplane section of F. Then 
(7 • Vb) = (7 • h)p > 0. Thus 7 is not contracted by A. By induction on r, we have that 
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C is the only curve on Vq which is contracted by A. We have thus proven the induction 
statement for r. 

□ 



Example 5.5. Let k be an algebraically closed field. Suppose that s is a positive integer 
and a,i € Z + are positive integers for 1 < i < s. Suppose that d > 1. Then there exists 
a connected reduced projective scheme X over k which is equidimensional of dimension d 
with a line bundle C on X and a bounded function o~(n) such that 

dim fc T(X, C n ) = A(n) + U _~ ^ + a(n), 

where A(n) is the periodic function 

A(n) = \{i \n = 0(oi)}\. 
The Kodaira-Iitaka dimension of L is q(L) = d — 1. Let m' = LCM{ai\. The limit 

dim fc L n 
urn 7— ; — 

exists whenever n is constrained to be in an arithmetic sequence a + bm! (with any fixed 
a ). We have that dim^, L n ^ for all n if some a\ = 1, so the conclusions of Theorem \3.1\ 
do not quite hold in this example. 

Proof. Let E be an elliptic curve over k. Let po,pi, . ■ ■ ,p s be points on E such that the 
line bundles Oe(pi — Po) have order aj. Let S = E x& P^ _1 , and define line bundles 
Ci = Oe(Pi — Po) <S> Opd-i(l) on S. The Segre embedding gives a closed embedding of S 
in F r with r = 3d - 1 Let vr : X = P(O p i(-1) O^) -> P 1 be the projective bundle, 
and let C be the section corresponding to the surjection of Opi(— 1) Opi onto the first 
factor. Let b\, . . . , b s be distinct points of P 1 and let Fi be the fiber by ir over 6j. Let Si be 
an embedding of S in Fi. We can if necessary make a translation of Si so that the point 
Ci = C ■ Fi lies on Si, but is not contained in pj x for any j. We have a line bundle 
£ on the (disjoint) union T of the Si defined by C'\Si = Ci. 

By Lemma 15.41 there is a morphism <p : X — > Y which only contracts the curve C. (p is 
actually birational and an isomorphism away from C, but we do not need to verify this, 
as we can certainly obtain this after replacing (p with the Stein factorization of <p. Let 
Z = f(T). The birational morphism T — > Z is an isomorphism away from the points Cj, 
which are not contained on the support of the divisor defining C. Thus C'\(T \ (p(C)) 
extends naturally to a line bundle C on Z. 

We have a short exact sequence 

s 

1=1 

where J- has finite support. Tensoring this sequence with C n and taking global sections, 
we obtain that 



< V dim fc F(Si, CI) - dim fc T(Z, C n ) < dim k T 



i=i 



for all n. Since 



T(Si, CI) =i F(E, E {n( Pi - po))) ® k r(P d " 1 , O^-i (n)) 
by the Kuenneth formula, we obtain the conclusions of the example. 



□ 
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6. Perversity on nonreduced schemes 

In this section we give a series of examples, showing interesting growth of graded linear 
series on nonreduced projective schemes. The examples show that the wonderful theorems 
about growth for graded linear series on varieties do not generalize to nonreduced schemes. 

6.1. An example with maximal Kodaira-Iitaka dimension. Let i\ = 2 and r\ = y. 

For j > 1, inductively define ij + \ so that is even and ij + \ > 2Hj. Let r J+1 = %J ^-. 
For n € Z + , define 



(18) 



a(n) 



1 if re = 1 

4f if ij < n < ij+i 

Lemma 6.1. Suppose that a £ N and r € Z+. Then given m > and e > 0, there exists 
a positive integer n = a + br with b € N such that n > m and 

a{n) 1 
~n 2 



< e 



Proof. Choose j sufficiently large that ij > m, ij + r < ij + \ and 



(19) 



> 



1 



2{ij + k) 2 



for < k < r. There exists n = ij + k with < k < r in the arithmetic sequence a + br. 



a(n) 



By (USD, 



1 

- > 



2n 2{ij + k)' 



2 ~ 2{ij + k) 2 



> - - £. 



□ 



Lemma 6.2. Suppose that a 6 N and r € Z+. T/ien given m > cmc? e > ; i/iere exists 
a positive integer n = a + br with b € N suc/i n > m and 



<r(n) 



< e. 



Proof. Choose j sufficiently large that ij > m + r, 2 J i,- > r and 



(20) 



2(2-? ^ - k) 



< e 



for < k < r. Let n = ij + \ — k with < k < r in the arithmetic sequence a + 6r. 



cm 



2n 2(ij + i — k) 



By d20 



< 



2(i,- + i - k) 



< e. 



□ 



1.3 



It follows from the previous two lemmas that 

o-(n) 



lim 



n— >co n 

does not exist, even when n is constrained to lie in an arithmetic sequence. 

Example 6.3. Let k be a field, and let X be the d- dimensional projective nonreduced k- 
scheme consisting of a double linear hyperplane in Pj^ , with d > 1. There exists a graded 
linear series L for Ox (2) with maximal Kodaira-Iitaka dimension q(L) = d, such that 

(21) lim ^ k f n) 

n— >oo n 

does not exist, even when n is constrained to lie in an arithmetic sequence. 

L n is constructed to be a subspace of T(X, Ox(2n)) which generates Ox(2n) at all 
points except along a fixed d — 1 dimensional linear subspace of X. 

Proof. We can choose homogeneous coordinates on P| so that X = Proj(S') where S = 
k[xo,xi, . . . ,Xd+i]/{xi)), and the fixed linear subspace is Z(xo,xi) C X. Let xi be the 
classes of X{ in S, so that S = k[xo,xi, . . . ,Xd+i] (with x\ = 0). Define a graded family of 
homogeneous ideals in S by 

Jn = { x j x l%o ) 
for n > 1 and Jo = S. We have that J m J n C J m + n since a(j) < cr(k) for j < k. 
Let J n be the sheafification of J n on X. Define 

L n = T(X, J n O x (2n)) C T(X,O x (2n)) = S 2n - 

The L n define a graded linear series L on X. 

Let Mi be the set of all monomials in the d + 1 variables xq, ~x~2, ■ ■ ■ ,2^+1 of degree i. 
L n has a /c-basis consisting of 5j)M n _ a and xiXq a M n+a r n \i. Thus 

(22) dun k L n =( d+ d n ) + ( d + n + a d {n) - 1 

Let P(t) be the degree d rational polynomial P(t) = ( rf ^*) • We have that 

t d 

(23) = ^ + lower order terms in t. 

Let n = a + br be an arithmetic sequence (with a, r fixed). Suppose that no is a positive 
integer and e > is a real number. 

Since < o~(n) < ^ for all n, it follows from (|22p and (|23p that there exists n\ > uq 
such that n>n\ implies 

I dim fc L n _ + r 1+ a ( n )\d)\ < - 
n d d\ n 2 

By Lemma |6. 11 there exists an integer ni > n\ such that n 2 is in the arithmetic sequence 
n = a + br and 

,x a+(l+ ^ rt _l±£jtff l<5 . 

Thus 

(24) | dimfc >-i±#g|< g . 
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On the other hand, by Lemma 16.21 there exists an integer > m such that is in the 
arithmetic sequence n = a + br and 



Thus 



dim*. L„ 3 2 



(25) F^-^7l<- 



n 



dV 



"3 

By (|24p and (|25|) we have that the limit (|2ip does not exist when n is constrained to line 
in the arithmetic sequence n = a + br. Since this sequence was arbitrary, we have obtained 
the conclusions of the example. □ 

The above example is a graded linear series on a double linear hyperplane X in P rf+1 . 
We observe that if C is a line bundle on X, then not only does the limit exist for the 
section ring of C, it is even a rational number. Suppose that C is a line bundle on X. Let 
Xq be the reduced linear subspace of F d+1 which has the same support as X. We have a 
short exact sequence of coherent Ox n modules 

0^Ox (-l) ^O x -^O xo ^0. 

From the exact sequence 

H\X,O X0 {-l)) ^Pic(X) ^Pic(Xo) ^ H 2 (X,O X0 (-l)) 

of Exercise III. 4. 6 |8j, and from the cohomology of projective space, we see that restriction 
gives an isomorphism Pic(X) = Pic(Xo). Since every line bundle on the linear subspace 
Xq is the restriction of a line bundle on P d+1 , we have that C = Opd+i(a) <g> Ox for some 
a € Z. From the exact sequences 

->■ F d+i{na - 2) -)■ pd +i(na) ->• £ n -> 0, 

we see that 

dim fc r(X,£ n ) = dim fc r(P d+1 ,0 p[ i + i(na)) - dim fc T(P d+1 , O pti+ i (na - 2)), 

which is zero for all positive n if a < 0, is 1 for all positive n if a = 0, and is equal to the 
polynomial 

^na + (d + l)\ (na - 2 + (d + 1) 

for n > 2 if a > 0. 



d+l J V <i+l 



6.2. Examples with Kodaira-Iitaka dimension — oo. It is much easier to construct 
perverse examples with Kodaira-Iitaka dimension — oo, since the condition L m L n C L m+n 
can be trivial in this case. If X is a reduced variety, and L is a graded linear series on 
X, then it follows from Corollary 15.31 that there is an upper bound dim^ L n < f3n q ^ for 
all n. However, for nonreduced varieties of dimension d, we only have the upper bound 
dimfc < 7n rf of Here is an example with q(L) = — oo and maximal growth of order n d . 

Example 6.4. Let k be a field, and let X be the one dimensional projective non reduced 
k-scheme consisting of a double line in P|. Let T be a subset of the positive integers. 
There exists a graded linear series L for Ox (2) such that 



dim fe L n 



n + 1 if n S T 
ifn^T 



Ln the example, we have that q(L) = —oo, but dim^ L n is 0(n) = 0(n ). 
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Proof. We can choose homogeneous coordinates coordinates on P| so that X = Proj(S'), 
where 5 = k[xo, x\,X2[/{x\). Let x^ be the classes of Xj in S, so that S = k\xo,xi,X2]. De- 
fine a graded linear series L for Ox (2) by defining L n to be the fc-subspace of T(X, Ox (2n)) 
spanned by {xix^x^ | i + j = n} if n G T and L n = if n ^ T. Then 

n + 1 if n G T 
if n g T 

□ 



dim fc L r 



We modify the above example a little bit to find another example with interesting 
growth. 

Theorem 6.5. Let k be a field, and let X be the one dimensional projective non reduced 
k-scheme consisting of a double line in P|. Let T be any infinite subset of the positive 
integers Z + such that Z + \ T is also infinite. There exists a graded linear series L for 
O x (2) such that 

[log(rc)]+l ifneT 
+ 1 ifn^T 



J [log(n 
dimfc L n = <y |- log( n ) - 

In this example we have q(L) = oo. 



Proof. We can choose homogeneous coordinates coordinates on P? so that X = Proj (»!?), 
where S = k[xo, x\, X2\/{x\ ). Let Xi be the classes of X{ in S, so that S = k\xQ,x\,X2\. 
Define 

f |Tog(n)l ifnGT 

Define a graded linear series L for Ox (2) by defining L n to be the /c-subspace of T(X, Ox(n)) 
spanned by 

n n— 1 n— A(ra) A(n) 

XqX\) Xq X\X2i • • • j Xq X\X2 

Then L n has the desired property. □ 

The following is an example of a line bundle on a non reduced scheme for which there 
is interesting growth. The characteristic p > plays a role in the construction. 

Example 6.6. Suppose that d > 1. There exists an irreducible but nonreduced projective 
variety Z of dimension d over a field of positive characteristic p, and a line bundle J\f on 
Z, whose Kodaira-Iitaka dimension is — oo, such that 



dim k T(Z,M n ) 



d-i ) if n is a power of p 
otherwise 



In particular, given a positive integer r, there exists at least one integer a with < a < r 
such that the limit 

dim k T (Z,Af n ) 
lim -T-. 

does not exist when n is constrained to lie in the arithmetic sequence a + br. 

Proof. Suppose that p is a prime number such that p = 2 (3). In Section 6 of [I], a projec- 
tive genus 2 curve C over an algebraic function field k of characteristic p is constructed, 
which has a /c-rational point Q and a degree zero line bundle C with the properties that 
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and 



(26) r(C, C n ) = for all n. 

Let £ = Oc(Q) © C(7- Let S = P(£) with natural projection ir : £ — > C, a ruled surface 
over C. Let Co be the section of 7r corresponding to the surjection onto the second factor 
£ -> Oc -> 0. By Proposition V.2.6 [8], we have that 0s(-C o ) Oo s Oc = Oo(Q). Let 
X be the nonreduced subscheme 2Co of S*. We have a short exact sequence 

O c (Q) -> Ox -> O c -> 0. 

Let = vr*(£) ®e> s Cx- Then we have short exact sequences 

(27) -> £ n ® 0c C>c(Q) -> AT -)• £ n -> 0. 
By (j2lj) and (J2S1), we have that 

dim fc r(X,A4 n ) = dim k T{C,£ n ®O c {Q)) 

1 if n is a power of p 
otherwise 

Now let Z = X x P^ 1 and Af = M ® 0p(l). By the Kuenneth formula, we have that 

r(z,AH = r(x, M n ) ® fc r(p d -\ e> P (n)) 

from which the conclusions of the example follow. □ 
7. A GRADED FAMILY OF m-PRIMARY IDEALS WHICH DOES NOT HAVE A LIMIT 

In this section we give an example showing lack of limits for families of m-primary ideals 
in non reduced rings. A family of ideals {I n } m a (i-dimensional local ring R indexed by n 
is a family of ideals in R if Iq = R and I m I n C I m + n for all m, n. {I n } is an m#-primary 
family if /„, is m/j-primary for n > 1. The limit 

(28) Km «5£> 

is shown to exist in many cases in papers of Ein, Lazarsfeld and Smith [6], Mustata |15| . 
Lazarsfeld and Mustata [13] and of the author [3]. It is shown in Theorem 5.9 [3] that the 
limit (|28p always exists if {In} is a graded family of m^-primary ideals in a d-dimensional 
unramified equicharacteristic local ring R with perfect residue field. 

Example 7.1. Let k be a field and R be the non reduced d- dimensional local ring R = 
k[[x\, . . . ,Xd,y]]/(y 2 )- There exists a graded family of run-primary ideals {I n } in R such 
that the limit 

n— >oo n 

does not exist, even when n is constrained to lie in an arithmetic sequence. Here i denotes 
the length of an R-module. 

Proof. Let x±, . . . ,Xd,y be the classes of x%, . . . , x^, y in R. Let Ni be the set of monomials 
of deg ree i in the variables xi, . . . , x^. Let <r(n) be the function defined in (JTHJ) . Define 
Mfi-primary ideals J n in R by I n = (N n ,yN n _ a r n \) for n > 1 (and Iq = R). 

We first verify that {/„} is a graded family of ideals, by showing that I m I n C I m + n for 
all m, n > 0. This follows since 

ImIn = (Nm+m y^(rn+n)— <r(m) i 2/-^(m+n) — <t(tj)) 
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and <t(j) < o~(k) for k > j. 

R/I n has a &-basis consisting of 

{Ni\i < n} and {yNj\j < n — cr(n)}. 

Thus 

By an similar argument to that of the proof of Example 16.41 we obtain the conclusions of 
this example. □ 

8. Appendix 

In this appendix, we give a proof of Lemma 12.11 stated in Section [2j We begin with a 
proof of another lemma we will need. 

Lemma 8.1. Suppose that L is a graded linear series on a projective scheme X over a 
field k, and L is a finitely generated LiQ-algebra. Then 

, . (t \ _ { Krull dimension (L) — 1 if Krull dimension (L) > 

^ ' ^ ' 1 — oo if Krull dimension (L) = 0. 

Proof. In the case when Lq = k, the lemma follows from graded Noether normalization 
(Theorem 1.5.17 [2j). For a general graded linear series L, we always have that k C 
Lq C T(X,Ox), which is a finite dimensional k- vector space since X is a projective k- 
scheme. L is thus a finitely generated k algebra. Let m = cr(L) and yi,...,y m € L 
be homogeneous elements of positive degree which are algebraically independent over k. 
Extend to homogeneous elements of positive degree yi,...,y n which generate L as an 
Lo-algebra. Let B = k[y%, . . . ,y n ]. We have that cr(L) < a(B) < cr(L) so a(B) = cr(L). 
By the first case (Lq = k) proven above, we have that q(B) = Krull dimension(i?) — 1 if 
q(B) > and q(B) = — oo if Krull dimension(-B) = 0. Since L is finite over B, we have 
that Krull dimension(L) = Krull dimension (B). Thus the lemma holds. □ 

8.1. Proof of Lemma 12. 1L We will first establish the formulas Q and (jl]). Since X 
is projective over k, we have an expression X = Proj(^4) where A is the quotient of a 
standard graded polynomial ring R = k[xo, ■ ■ ■ ,x n ] by a homogeneous ideal /, which we 
can take to be saturated; that is, (xq, . . . , x n ) is not an associated prime of I. Let pi, . . . , pt 
be the associated primes of /. By graded prime avoidance (Lemma 1.5.10 [2]) there exists 
a form F in k[xo, . . . ,x n ] of some positive degree c such that F U| =1 pj. Then F is a 

nonzero divisor on A, so that A — > A(c) is 1-1. Sheafifying, we have an injection 

(30) 0^Ox^O x (c). 

Since Ox(c) is ample on X, there exists / > such that A := C (g) Ox(cf) is ample. 
From (|30p we then have a 1-1 Ox-module homomorphism Ox — > Ox(cf), and a 1-1 
C^-module homomorphism C — > A, which induces inclusions of graded fc-algebras 

L c 0r(i,r) c b :=0r(i 1 i n ). 

n>0 n>0 

There exists a positive integer e such that A e is very ample on X. Thus, by Theorem 
II. 5. 19 and Exercise II. 9. 9 [5], B' = © n>0 B en is finite over a coordinate ring S of X and 

(31) dim k T(X,A en )=Ps(n) 
for n>0 where Ps(n) is the Hilbert Polynomial of S. 
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Now B is a finitely generated module over B' . Thus 

Krull dimension(i?) = Krull dimension(-B') = Krull dimension(S') = dimX + 1 = d+ 1. 

Further, B is a finitely generated fc-algebra so that q(B) = dim(X) by (|29p . Thus we have 
obtained formula (J3j) , 

q(L) < dimX 

„4 is ample on X, so that 

dim fc r(X,^")= X (^ n ) 
for n>0. The Euler characteristic x{A n ) is a polynomial in n for n ^> by Proposition 
8.8a [9], which necessarily has degree d by (|31|) . so there exists a positive constant 7 such 
that 

dimfc L n < 7n a! 

for all n, giving us formula 

We will now establish formula ©. Suppose that q(L) > 0. Let L l be the fc-subalgebra 
of L generated by Lj for j < i. For i sufficiently large, we have that q(L l ) = q(L). For 
such an i, since L % is a finitely generated Lo-algebra, we have that there exists a number 
e such that the Veronese algebra L* defined by L* = (L l ) en is generated as a Lo-algebra 
in degree 1. Thus, since Lq is an Artin ring, and L* has Krull dimension q(L) + 1 by (|29|) . 
L* has a Hilbert polynomial of degree q(L), satisfying £^ (L*) = P(n) for n ^ 
(Corollary to Theorem 13.2 [14j ) , where £l denotes length of an Lq module, and thus 
dimfc L* = (dinifc Lq)P(ji) for n S> 0. Thus there exists a positive constant a such that 
dimjfc L* > an 11 ^ for all n, and so 

dim fc L en > an q{L) 

for all positive integers n, which is formula 

Finally, we will establish the fourth statement of the Lemma. Suppose that X is reduced 
and / L„ for some n > 0. Consider the graded /c-algebra homomorphism ip : k[t] — > L 
defined by ip(t) = z where k[t] is graded by giving t the weight n. The kernel of ip is 
weighted homogeneous, so it is either or (t s ) for some s > 1. Thus if ip is not 1-1 then 
there exists s > 1 such that z s = in L ns . We will show that this cannot happen. Since 
z is a nonzero global section of T(X,C n ), there exists Q € X such that the image of z in 
Cq is cr/ where / € 0jf,Q is nonzero and a is a local generator of Cq. The image of z s 
in = a s O x ,Q is cr s / s '- We have that f s / since is reduced. Thus z s / 0. We 

thus have that ip is 1-1, so g(L) > 0. 
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